Abstract. Smith and Van den Bergh [29] introduced the notion of finite Frepresentation type as a characteristic p analogue of the notion of finite representation type. In this paper, we prove two finiteness properties of rings with finite F-representation type. The first property states that if R = n≥0 R n is a Noetherian graded ring with finite (graded) F-representation type, then for every non-zerodivisor x ∈ R, R x is generated by 1/x as a D R -module. The second one states that if R is a Gorenstein ring with finite F-representation type, then H n I (R) has only finitely many associated primes for any ideal I of R and any integer n. We also include a result on the discreteness of F-jumping exponents of ideals of rings with finite (graded) F-representation type as an appendix.
Introduction
As a characteristic p analogue of the notion of finite representation type, Smith and Van den Bergh [29] introduced the notion of finite F-representation type (this notion is valid only in prime characteristic). They then showed that rings with finite F-representation type are suitable for developing the theory of differential operators on the rings. Also, rings with finite F-representation type satisfy several finiteness properties. For example, Seibert [25] proved that the Hilbert-Kunz multiplicities of such rings are rational numbers and Yao [33] proved that tight closure commutes with localization in such rings. Let k be a field, R be a k-algebra and D R/k be the ring of k-linear differential operators on R. In this paper, inheriting the spirit of Smith and Van den Bergh, we pursue finiteness properties of some D R/k -modules when R has finite F-representation type. We hope that our results will shed a new light on the theory of D R/k -modules over singular k-algebras R of prime characteristic.
For every non-zerodivisor x ∈ R, the localization R x carries a D R/k -module structure. Hence we can consider an ascending chain of D R/k -submodules of R x
Assume that R = k[x 1 , . . . , x d ] is a polynomial ring over k, and then it is known that this ascending chain stabilizes, that is, R x is generated by 1/x i for some i as a D R/k -module (it was proved by Bernstein [3] in characteristic zero and by Bøgvad [5] in positive characteristic). If k is a field of characteristic zero and −i is the smallest integer root of the Bernstein-Sato polynomial b x (s) of x, then R x is generated by 1/x i as a D R/k -module; Walther [31] proved that it is not generated by 1/x j for j < i. If k is a field of positive characteristic, then Alvarez-Montaner, Blickle and Lyubeznik [1] proved that R x is generated by 1/x as a D R/k -module. However, when R is not a regular ring, almost nothing is known about the stabilization of the above ascending chain. The first ingredient of this paper is to generalize the result due to Alvarez-Montaner, Blickle and Lyubeznik to the case of rings with finite F-representation type: let R = n≥0 R n be a Noetherian graded ring with k = R 0 a field of positive characteristic. If R has finite (graded) F-representation type, then R x is generated by 1/x as a D R/k -module (Corollary 2.10).
Another example of D R/k -modules is a local cohomology module H n I (R) of R. In 1990, Huneke [12] raised a problem of whether local cohomology modules of Noetherian rings have finitely many associated primes or not. It is now known that this problem has a negative answer; several counterexamples were constructed by Singh [27] , Katzman [16] , and Singh and Swanson [28] . However, a lot of affirmative results have been obtained under some additional assumptions. Huneke and Sharp [13] and Lyubeznik [18, 20, 21] proved that if R is a regular ring which either contains a field or is unramified then H n I (R) has only finitely many associated primes for any ideal I of R and any integer n. Marley [23] proved that the same assertion holds if R is any Noetherian local ring of Krull dimension at most three. Thus, determining when the set of associated primes is finite is now an important problem in commutative algebra. The second ingredient of this paper is to show that if R is a Gorenstein ring with finite F-representation type, then H n I (R) has only finitely many associated primes for any ideal I of R and any integer n (Corollary 3.3). This is a generalization of a result of Huneke and Sharp, asserting that the sets of associated primes of local cohomology modules of regular local rings of positive characteristic are finite. We shall actually prove some more general results (see Proposition 3.7 and Theorem 3.9).
In the appendix, we study the discreteness of F-jumping exponents, jumping exponents for generalized test ideals of [10] . These invariants were first studied under the name of F-thresholds in [24] and it was shown that they satisfy many of the formal properties of jumping numbers for multiplier ideals. However, the discreteness and rationality of F-jumping exponents were left open in [24] . Blickle, Mustaţǎ and Smith [4] proved the discreteness and rationality of F-jumping exponents in the case where the ring is an F-finite regular ring of essentially of finite type over a field. We prove the discreteness of F-jumping exponents of homogeneous ideals of strongly F-regular graded rings with finite (graded) F-representation type (Theorem 4.8).
Rings with finite F-representation type
Throughout this paper, all rings are Noetherian commutative rings with identity and have prime characteristic p. For such a ring R, the Frobenius map F : R → R is defined by sending r to r p for all r ∈ R. We often consider not just the Frobenius map but also its iterates F e : R → R sending r to r p e . For any R-module M, we denote by e M the module M with its R-module structure pulled back via the etimes iterated Frobenius map F e . That is, e M is just M as an abelian group, but its R-module structure is determined by r · m := r p e m for all r ∈ R and m ∈ M. Note that 
. We say that a ring R is F-pure if 1 R is a pure extension of R and that R is F-finite if 1 R is a finitely generated R-module.
Rings with finite F-representation type were first introduced by Smith and Van den Bergh [29] , under the assumption that the Krull-Schmidt theorem holds for them. Yao [33] studied these rings in a more general setting. (i) Let R be a Noetherian ring of prime characteristic p. We say that R has finite F-representation type by finitely generated R-modules M 1 , . . . , M s if for every e ∈ N, the R-module e R is isomorphic to a finite direct sum of the R-modules M 1 , . . . , M s , that is, there exist nonnegative integers n e1 , . . . , n es such that
We simply say that R has finite F-representation type if there exist finitely generated R-modules M 1 , . . . , M s by which R has finite F-representation type.
(ii) Let R = n≥0 R n be a Noetherian graded ring of prime characteristic p. We say that R has finite graded F-representation type by finitely generated Qgraded R-modules M 1 , . . . , M s if for every e ∈ N, the Q-graded R-module e R is isomorphic to a finite direct sum of the Q-graded R-modules M 1 , . . . , M s , that is, there exist nonnegative integers n ei and rational numbers α (e) ij for all 1 ≤ i ≤ s and 1 ≤ j ≤ n ei such that there exists a Q-graded isomorphism of the form
We simply say that R has finite graded F-representation type if there exist finitely generated Q-graded R-modules M 1 , . . . , M s by which R has finite graded F-representation type. Remark 1.2. (1) When R is reduced, R has finite F-representation type by finitely generated R-modules M 1 , . . . , M s if and only if for every q = p e , the R-module R 
. Then R has finite F-representation type (resp. finite graded F-representation type) by the Rmodule R.
(ii) ([29, Observation 3.1.3]) Let R be a Cohen-Macaulay local ring (resp. a Cohen-Macaulay graded ring) of prime characteristic p with finite representation type (resp. finite graded representation type). Then R has finite F-representation type (resp. finite graded F-representation type). (iii) Let (R, m, k) be an Artinian local ring of prime characteristic p (resp. R = n≥0 R n be an Artinian graded ring with k := R 0 a field of characteristic
Then R has finite F-representation type (resp. finite graded F-representation type). To check this, we may assume that k is a perfect field for simplicity. Since (R, m) is Artinian, there exists some q 0 = p e 0 such that m [q] = 0 for all q = p e ≥ q 0 . Then e R is a k-vector space for all e ≥ e 0 . Since R is F-finite, e R is a finitely generated R-module. Hence e R is a finite-dimensional k-vector space for all e ≥ e 0 . The graded case also follows from a similar argument.
Then R has finite graded F-representation type. To check this, we may assume that k is a perfect field and gcd(n 1 , . . . , n r ) = 1. Let c be the conductor of the semigroup n 1 , . . . , n r , and fix any q = p e ≥ c. Then
, where r i is the least integer in S i . Then ϕ i is an isomorphism for all i = 0, . . . , q − 1. Thus, homomorphism of Noetherian local rings of prime characteristic p such that R is an R-module direct summand of S. If S has finite F-representation type, so does R. Indeed, if S has finite F-representation type by finitely generated S-modules N 1 , · · · , N t , then for each e ∈ N, we have a decomposition
R is a direct summand of a finite direct sum of the finitely generated R-module N for all e ∈ N. Then by [32, Theorem 1.1], there exist, up to isomorphism, only finitely many indecomposable direct summands of the R-modules e R's. Thus, R has finite F-representation type. (vii) ([29, Proposition 3.1.6]) Let R = n≥0 R n ⊆ S = n≥0 S n be a Noetherian graded rings with R 0 , S 0 fields of characteristic p > 0 such that R is an Rmodule direct summand of S. Assume in addition that [S 0 : R 0 ] < ∞. If S has finite graded F-representation type, so does R. In particular, normal semigroup rings and rings of invariants of linearly reductive groups have finite graded F-representation type.
be the simple singularity of type E 4 8 , where k is an algebraically closed field of characteristic two. Then it is well-known that R has finite representation type (see [6] and its reference for details) and, in particular, R has finite F-representation type by (ii). On the other hand, we can easily check that R is F-pure but not strongly F-regular (see the paragraph preceding Proposition 4.4 for the definition of strongly F-regular rings). (ix) Let R be the affine cone of a smooth projective curve X of genus g over an algebraically closed field k of characteristic p > 0. If X is an elliptic curve, then by [2] We conclude this section with a couple of questions. 
For any non-zerodivisor x ∈ R, R x carries a D R -module structure, where D R is the ring of differential operators on R. In this section, we will study generators of R x as a D R -module. First, for a given ideal a ⊆ R and a given module M, we define a descending chain of submodules {I e (a, M)} e≥0 of M.
Definition 2.1. Let R be a Noetherian ring of prime characteristic p and M be an Rmodule. For any integer e ≥ 0 and any ideal a of R, the R-submodule I e (a, M) ⊆ M is defined to be
When R is reduced, we can think of I e (a, M) as
Remark 2.2. When R is an F-finite regular ring, the ideal I e (x, R) coincides with the ideal I e (x) in [1] and the ideal I e (a r , R) does with the ideal (a r ) [1/p e ] in [4] . The reader is also referred to Proposition 4.4.
We list up basic properties of I e (a, M) which we will need later. Before doing so, we recall the definition of F-pure pairs. The pair (R, x) of an F-finite Noetherian reduced ring of characteristic p > 0 and a non-zerodivisor x ∈ R is said to be F-pure if the inclusion x (q−1)/q R ֒→ R 1/q splits as an R-linear map for all q = p e . For example, when R is Gorenstein, (R, x) is an F-pure pair if and only if R/(x) is an F-pure ring (see [9, Remark 4.10] ). Lemma 2.3. Let R, M, e, a be the same as in Definition 2.1. In addition, suppose that R is F-finite.
(
R → e R sending 1 to 1. For any ψ e ∈ Hom R ( e R, M), composing with f e , we have an R-linear map ψ e+1 : (1) and (2), one has
If (R, x) is F-pure, then for every e ∈ N, there exists an R-linear map f :
Now we recall the definition of rings of differential operators. The reader is referred to [7] and [34] for details. 
Here [δ, r] = δ • r − r • δ denotes the commutator. 
The above proposition implies that D R/k is the same for every perfect field k ⊆ R. Consequently, we write simply (i) R itself is a D R/k -module with its natural D R/k -action.
(ii) A localization R S with respect to any multiplicatively closed subset S ⊂ R carries a unique D R/k -module structure such that the natural localization
The well-definedness and uniqueness are easily checked. (iii) Let I be an ideal of R and n be a nonnegative integer. Then by virtue of (ii), the local cohomology module H 
When R is F-pure, the converse also holds true.
Proof. First, we assume that
Dividing this equality by x p e+1 gives that δ(1/x) = 1/x p . Next, we will prove the converse. Just reversing the above argument, we have that
Question 2.8. Let R be a Noetherian ring with finite F-representation type by finitely generated R-modules M 1 , . . . , M s and let x ∈ R be an element. Does the descending chain of submodules in M i
stabilize for every i = 1, . . . , s?
In general, the above question is open. However, when R is a Noetherian graded ring, we can give an affirmative answer to this question. Theorem 2.9. Let R = n≥0 R n be a Noetherian graded ring with R 0 a field of characteristic p > 0. Assume that R has finite graded F-representation type by finitely generated Q-graded R-modules M 1 , . . . , M s . Then for every x ∈ R and for every i = 1, . . . , s, the descending chain of submodules in M i
stabilizes.
Proof First note that the Krull-Schmidt theorem holds for R, and we may assume that the M i are indecomposable Q-graded R-modules. For each 1 ≤ k ≤ s, by assumption, we have a decomposition of
ij }, and then C 1 and C 2 are non-positive rational numbers independent of e. Since
kl /p} for every e ∈ N. Thus, we obtain by an easy induction that for all e ∈ N, i = 1, . . . , s and j = 1, . . . , n ei ,
Let x ∈ R. We can write
for all e ∈ N, i = 1, . . . , s and j = 1, . . . , n ei , and in particular, deg
(m (e) ij ). On the other hand, by the above claim, we can take a nonnegative rational number C such that −α (e) ij ≤ C for all e ∈ N, i = 1, . . . , s and j = 1, . . . , n ei . Thus, for each 1 ≤ k ≤ s,
stabilizes. This implies that the descending chain of submodules in M k
As a corollary of the above theorem, we can generalize the result due to AlvarezMontaner, Blickle and Lyubeznik ([1, Corollary 3.8]) to the case of rings with finite F-representation type. Claim. For any non-zerodivisor x ∈ R, there exists a differential operator δ ∈ D R/k such that δ(1/x) = 1/x p .
Proof of Claim. By Proposition 2.7 and Theorem 2.9, there exists a differential operator
, we can write δ K = i c i δ i where c i ∈ K and δ i ∈ D R/k . Let {α λ } be the basis of R over k. Multiplying both sides of the equation i c i δ i (1/x) = 1/x p by a sufficiently large power of x, we have an equation
This means that a system of finitely many linear equations { i X i d iλ j = 0} j with coefficients in k has a solution X i = c i for all i. By elementary linear algebra, it should have a solution in k. Thus, by reversing the above argument, there exists a differential operator δ ∈ D R/k such that δ(1/x) = 1/x p .
Let x be a non-zerodivisor of R. Then it follows from the repeated applications of the above claim that
for every e ∈ N. Since the set {1/x p e } e∈N generates R x as a D R/k -module, we obtain the assertion.
Remark 2.11. When the pair (R, x) of an F-finite Noetherian reduced ring R of characteristic p > 0 and a non-zerodivisor x ∈ R is F-pure, R x is always generated by 1/x as a D R -module (without assuming that R has finite F-representation type). Indeed, by Lemma 2.3 (3), one has D
(1) · f p−1 = R. This means that there exists
Associated primes of local cohomology modules
In this section, we will study the number of associated primes of local cohomology modules when the base ring has finite F-representation type. We begin with the following well-known lemma.
Lemma 3.1. Let R be a Noetherian ring.
(2) Suppose that R is a ring of prime characteristic. Let M be an R-module. Then
Proof.
(1) Let p be a prime ideal of R. Assume that p is not an associated prime of M λ for any λ ∈ Λ. Then we have Hom Rp (κ(p), (M λ ) p ) = 0 for every λ ∈ Λ, where 
In particular, H n I (D) has only finitely many associated primes.
Proof. We can assume without loss of generality that R is a local ring. By definition, for each e ∈ N, we have an isomorphism of R-modules of the form
We denote by D(R) the derived category of R and by D S a normalized dualizing complex of a ring S. Note that the additive exact functor R is a module-finite R-algebra. Hence we have an isomorphism [26, Theorem (3.9) ]. Consequently we have the following isomorphisms in D(R):
Therefore there exists an isomorphism
of R-modules, and we obtain
by Lemma 3.1 (2) . Finally, applying Lemma 3.1 (1), we get the desired inclusion
As a direct corollary of Theorem 3.2, we obtain the following result.
Corollary 3.3. Let R be a Cohen-Macaulay ring with finite F-representation type
by finitely generated R-modules M 1 , . . . , M t , admitting a canonical module ω R . Let I be an ideal of R and n an integer. Then one has
In particular, H n I (ω R ) has only a finite number of associated primes. Remark 3.4. (1) We can prove a little more general form of Corollary 3.3: let (R, m, k) be a Cohen-Macaulay local ring of prime characteristic p with canonical module ω R and K be an extension field of the residue field k. Assume that R ⊗ k K has finite F-representation type, where R is the m-adic completion of R and ⊗ k denotes the complete tensor product over k. Let I be an ideal of R and n an integer. Then
(2) Singh and Swanson [28] constructed an example of a strongly F-regular hypersurface singularity R which is a unique factorization domain such that H n I (R) has infinitely many associated primes for some ideal I of R and some integer n. Corollary 3.3 especially says that this ring does not have finite F-representation type.
Since every F-finite regular local ring has finite F-representation type by the Rmodule R, Corollary 3.3 (Remark 3.4 (1)) yields the following result due to Huneke and Sharp [13, Corollary 2.3] . we can indeed prove a little stronger statement in the case where R is a semilocal ring. We denote by Gor R the Gorenstein locus of a ring R, namely the set of all prime ideals p of R such that R p is a Gorenstein local ring.
Proposition 3.7. Let R be a Noetherian ring with finite F-representation type by finitely generated R-modules M 1 , . . . , M t . Let I be an ideal of R and n an integer. Then
In particular, Ass R H n I (R) is a finite set if R is a semilocal ring such that R p is Gorenstein for each nonmaximal prime ideal p.
Proof. Let p ∈ Ass R H n I (R)∩Gor R. Then R p is a Gorenstein local ring, and pR p is in Ass Rp H n IRp (R p ), which is contained in the set
Next, we consider the finiteness of the sets of associated primes of local cohomology modules of Cohen-Macaulay rings with finite F-representation type. We denote by (−) † the canonical dual Hom R (−, ω R ), where ω R is a canonical module of a Cohen-Macaulay ring R.
Lemma 3.8. Let R be a Cohen-Macaulay ring with finite F-representation type by finitely generated R-modules M 1 , . . . , M t , admitting a canonical module ω R . Suppose that the local ring R p is Gorenstein for every nonmaximal prime ideal p of R. Let I be an ideal of R and n an integer. Then
Proof
Hence there is a spectral sequence
Since R is Gorenstein on the punctured spectrum of R, we have (ω R ) p ∼ = ω Rp ∼ = R p for every p ∈ Spec R \ {m}. Hence the R-module Tor 
of R-modules. For all e ∈ N, there is an isomorphism of the form
Applying (−)
† to this isomorphism gives
Similarly to the arguments in the proof of Theorem 3.2, we obtain isomorphisms
and we get the desired inclusion
Using Lemma 3.8, we can show the following result. Compare it with Proposition 3.7.
Theorem 3.9. Let R be a Cohen-Macaulay ring with finite F-representation type by finitely generated R-modules M 1 , . . . , M t , admitting a canonical module ω R . Suppose that the local ring R p is Gorenstein for any prime ideal p of R with dim R/p ≥ 2. Let I be an ideal of R and n an integer. Then one has
This completes the proof of the theorem.
Appendix: Discreteness of F-jumping exponents
Here, using arguments similar to those in Section 2, we study the discreteness of F-jumping exponents of ideals of rings with finite F-representation type.
Let R be a Noetherian reduced ring of characteristic p > 0 and M an R-module. Denote by R
• the set of elements of R which are not in any minimal prime ideal. For each integer e ≥ 0, we denote . Let a be an ideal of a Noetherian reduced ring R of characteristic p > 0 such that a ∩ R • = ∅ and let t > 0 be a real number. Let M be a (not necessarily finitely generated) R-module. The a t -tight closure of the zero submodule in M, denoted by 0 * a t M , is defined to be the submodule of M consisting of all elements z ∈ M for which there exists c ∈ R
• such that
for all large q = p e . (i) The generalized test ideal τ (a t ) of a with exponent t is defined to be
where M runs through all finitely generated R-submodules of E.
We say that an element c ∈ R
• is an a t -test element for E if ca ⌈tq⌉ z q = 0 in F e (E) for all q = p e whenever z ∈ 0 * a t E . (1) Assume that one of the following conditions holds: (i) R is a Q-Gorenstein normal local ring; (ii) R = n≥0 R n is a graded ring with R 0 a field and a is a homogeneous ideal. Then for all real numbers t > 0,
(2) Let c ∈ R
• . If R is F-finite and the localized ring R c is strongly F-regular, then some power c n of c is an a t -test element for E for all ideals a ⊆ R such that a ∩ R • = ∅ and for all real numbers t > 0.
Let R be an F-finite Noetherian reduced ring of characteristic p > 0. We say that R is strongly F-regular if for every c ∈ R
• , there exists q = p e such that c 1/q R ֒→ R 1/q splits as an R-module homomorphism. When the ring is strongly F-regular, we can describe the generalized test ideal τ (a t ) in a simple form. (1) 
Proof. First, we will prove that τ (a t ) ⊇ I e (a ⌈tp e ⌉ , R) for all integers e ≥ 0. By Proposition 4.3 (2), the unit element 1 is an a t -test element for E. It means that a ⌈tp e ⌉ z p e = 0 in E ⊗ R e R for all z ∈ 0 * a t
E . An R-linear map ϕ :
R → E sending a ⌈tp e ⌉ z p e to ϕ(a ⌈tp e ⌉ )z. Thus, ϕ(a ⌈tp e ⌉ )0 * a t E = 0 in E, which implies that ϕ(a ⌈tp e ⌉ ) ⊆ τ (a t ). To show the reverse inclusion, it suffices to prove it after passing to localization at a maximal ideal m in R. Since the formation of the ideal I e (a ⌈tp e ⌉ , R) obviously commutes with localization, Thus, combining the above two equalities, we obtain an inclusion
The latter assertion follows from a similar argument, because the generalized test ideal τ (R m , a t m ) coincides with the ideal τ (R m , a t m ) when R is normal Q-Gorenstein.
The family of ideals { τ (a t )} t≥0 is right continuous in t. 
Proof. First we will prove the following claim.
Claim. For every e ≥ 0, there exists e ′ ≥ e such that I e (a ⌈tp e ⌉ , R) ⊆ I e ′ (a ⌈tp e ′ ⌉+1 , R).
Proof of Claim. Let c ∈ a ∩ R • . Since R is strongly F-regular, there exist q 0 = p e 0
and an R-linear map ψ : e 0 R → R sending c to 1. For any ϕ e ∈ Hom R ( e R, R), ψ induces an R-linear map ϕ e+e 0 :
e+e 0 R → R sending c to ϕ e (1) so that
Take sufficiently large e so that τ (a t ) = I e (a ⌈tp e ⌉ , R) by Proposition 4.4. Then by the above claim, there exists e ′ ≥ e such that I e (a ⌈tp e ⌉ , R) ⊆ I e ′ (a ⌈tp e ′ ⌉+1 , R).
Then, by Proposition 4.4 again, the above inclusion implies the required inclusion
This completes the proof.
Thanks to Proposition 4.3 (1) and Lemma 4.5, one can define jumping exponents for the generalized test ideals τ (a t ). Assume that one of the following conditions holds: (i) R is a Q-Gorenstein normal local ring; (ii) R = n≥0 R n is a graded ring with R 0 a field and a is a homogeneous ideal. Then a positive real number t is said to be an F-jumping exponent of a if τ (a t ) τ (a t−ǫ ) for every ǫ > 0. . Let R = n≥0 R n be a strongly F-regular graded ring with R 0 a field of characteristic p > 0 and let a ⊆ R be a homogeneous ideal such that a ∩ R • = ∅. Assume in addition that R has finite graded F-representation type. Then there exists an integer r ≥ 0 depending only on R such that if a is generated by elements of degree at most d, then for every t > 0, the generalized test ideal τ (a t ) can be generated by elements of degree at most td + r.
Proof. Since R has finite graded F-representation type, there exist finitely generated Q-graded R-modules M 1 , . . . , M s such that for each e ∈ N,
as a Q-graded R-module. Without loss of generality, we may assume that the grading on the M i is normalized so that [M i ] 0 = 0 and [M i ] α = 0 for any α < 0. Then by the claim in the proof of Theorem 2.9, there exists a nonnegative rational number C 1 such that −α (e) ij ≤ C 1 for all e ∈ N, i = 1, . . . , s and j = 1, . . . , n ei . Now fix any e ∈ N. The ideal a ⌈tp e ⌉ is generated by elements of degree at most ⌈tp e ⌉d. Here we take a rational number C 2 such that for every i = 1, . . . , s, Hom R (M i , R) can be generated by elements of degree at most C 2 . Then Thus, given t, if e is enough large, then I e (a ⌈tp e ⌉ , R) can be generated by elements of degree at most ⌊td⌋ + C 1 + C 2 . On the other hand, by Propositions 4.3 (1) and 4.4 (1) , I e (a ⌈tp e ⌉ , R) coincides with the ideal τ (a t ) for sufficiently large e.
Using Lemma 4.7, we can generalize the result due to Blickle, Mustaţǎ, Smith ([4, Theorem 3.1 (1)]) to the case of rings with finite F-representation type. Proof. Once we accept Lemmas 4.5 and 4.7, the proof is quite similar to that of [4, Theorem 3.1] .
Suppose that we have a sequence of F-jumping exponents {α m } m of a having a finite accumulation point α. By virtue of Lemma 4.5, we can see that α m < α for sufficiently large m. After replacing this sequence by a subsequence, we may assume that α m < α m+1 for every m. Assume now that a is generated by elements of degree at most d. Then, by Lemma 4.7, there exists an integer r (depending only on R) such that every generalized test ideal τ (a αm ) is generated by elements of degree at most αd + r. stabilizes. This gives a contradiction.
The rationality of F-jumping exponents is a little more subtle.
Question 4.9. Let the notation be the same as in Theorem 4.8. Does there exist a power q 0 = p e 0 of p such that if α is an F-jumping exponent of a, then so is q 0 α?
If the answer to the above question is yes, then we can prove the rationality of F-jumping exponents of a under the same assumption as that of Theorem 4.8.
Remark 4.10. Let R = n≥0 R n be a strongly F-regular graded ring with R 0 a field of characteristic p > 0. If R is a Q-Gorenstein ring and the order of the canonical class in the divisor class group Cl(R) is not divisible by p, then the set of F-jumping exponents is discrete and all F-jumping exponents are rational numbers (without assuming that R has finite graded F-representation type). We refer to [14] for details.
